Space inversion and other discrete symmetries are treated within the frame of a theory of fundamental forces based only on general considerations of causality, symmetry, and stability, without ad hoc differential equations.
ing-extended Poincare group P from MO to global transformations on M. The fundamental fermion field F and boson field B are here restricted to be real and are fully invariant under Ge, where the superscript e denotes the inclusion of space and time inversions. The role of C on F is taken over by a real matrix having the eigenvalues ±i, that commutes with G but anticommutes with space inversion. The spin space for B consists of the real linear transformations on that for F. There is a corresponding natural total Lagrangian that is both Ge and 0(2)-gauge invariant, the latter leading to lepton and baryon number conservation, and which is nonparametric except for scale. The Weyl and Maxwell equations are deduced, and compelling identifications made for neutrinos and the photon. The e and Iz neutrino pairs occur in strikingly inequivalent positions in F, appearing symmetric only in the conventional relativistic limit R -x o, where R is the (G-invariant) fundamental length interpretable as the radius of the space S3. The photon occurs as the lowest member of a coherent subfamily of B that includes natural candidates for bare versions of the W and Z particles. In the relativistic limit the interaction Lagrangian becomes a sum over all elementary processes, one of which appears as quantum electrodynamics with Majorana-type electrons.
In earlier work (1-8), we have developed a synthesis of general physical ideas with a modern mathematical outlook, leading to a reformulation of the physics of extreme distances and times. The central theme was causality, in the sense of a notion of past and future at any given point in the space-time manifold M. Derived from this was the fundamental symmetry group G consisting of all transformations on M that preserve causality. A corollary notion was stability, in the sense of the positivity of operators representing infinitesimal group transformations into the future (essentially, positivity of the energy). Together with natural specifications for the fundamental fermions and bosons, these principles appeared largely to suffice to determine the theoretical structure of the fundamental forces. In particular, differential equations need not be postulated but form alternative modes of specification of temporal evolution, already included in the group action. At the same time, basic conventional theory appeared as the limiting form of our ("chronometric," having an origin in the analysis of time) theory as an invariant fundamental length R became infinite.
Here we outline further developments regarding discrete symmetries and elementary particle assignments. The basic fields are taken as realA: and a canonical action of (_1)112 introduced only on the basis of natural symmetry and stability desiderata. Conventional Dirac theory involves an inequivalent notion of (-1)1/2 and, in the analysis developed by Lee and Yang (11) , leads to an apparent failure of space inversion, which is restored in the present model. Real fields also facilitate the quantization of the indecomposable group representations corresponding to the actions of G on the fundamental fermion space F and boson space B.
The indecomposability requires that elementary particles be represented by "irreducible subquotients" (cf. below) rather than as actual irreducible subspaces. This serves to explain the existence of two different fundamental neutrinos, which occur in wholly inequivalent positions in F, although they correspond to identical group representations.
The action of the Casimir operator of G on F defines the Weyl equations satisfied by the neutrinos, but only modulo (i.e., relative to) subspaces that intrude because of indecomposability.
We denote the Einstein universe as a manifold endowed only with a causal structure (i.e., notion of past and future) as M. Its connected essential causal group (essential meaning that the group is taken in its simply connected form, as SL(2, C) is for the restricted Lorentz group) is denoted as G. We use G-invariant chronometric units defined by the stipulations h = c = R = 1, unless otherwise indicated.
Consistence of Conformal Invariance with the Stability of Mass
It is evident that the invariance of the laws of interaction of a system does not imply the invariance of its states; indeed it does not imply the invariance of any of its states. Only in special cases, such as those of abelian, compact, or solvable groups, is the existence of invariant states, such as a vacuum or equilibrium, demonstrable under fairly general conditions. For open simple Lie groups such as G, the existence of such states is in general contraindicated.
Thus, the cosmic background radiation (microwave and xray) appears to be invariant under the euclidean group but cannot be invariant under the (open, simple) Lorentz group. The essential euclidean group together with time translations in MO form a group KO that is the limiting form of the maximal essentially compact subgroup K of G. The present theory is temporally and spatially homogeneous in the large, and it may reasonably be expected that the universe on a *On leave from Odense University, Odense, Denmark. tDeceased, September 1, 1983. XThe notion that real rather than complex fields may be physically more fundamental was developed by Majorana (9) and Schwinger (10) .
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sufficiently large scale appears invariant under K. This is sufficient to give M effectively the structure of the Einstein universe, which appears to provide an excellent description of the large-scale gravitational structure of the universe (12) (13) (14) (15) .
Any localized physical system, such as an elementary particle, will have an interaction with the K-invariant background universe that is the resultant of its diverse interactions with the various components of the background. The interaction energy between the localized system and the background will correspondingly be conserved relative to the invariance group of the background, but not necessarily relative to any larger group. Thus when the background universe is involved, as it is inevitably in observable interactions, the symmmetry group G of fundamental forms is reduced or "broken" down to the subgroup K.
If Mach's principle is valid, totally or in part, the observed mass of a localized system should consist of, or at least include, its interaction energy with the background. Accordingly, its mass would be expected to be invariant only under the subgroup of the fundamental symmetry group that leaves the background effectively invariant. This is precisely the case in the present theory. Certainly observed masses appear to be invariant under the limiting form Ko of K. As a simple consistency check we note that Newton's constant may be derived from this specification of Mach's principle, together with estimates of R and the average mass density of the universe, within observational limits (15) .
In addition to their only K-invariant gravitational mass, any particle will have a G-invariant intrinsic mass, which may be interpreted as its inertial mass in the absence of the background universe. This "bare" mass is 3/2 for neutrinos, 2 for photons, and 5/2 for electrons, etc., according to the assignments later indicated. Since the observed me is of the order 1037, the G-invariant component of the observed inertial mass of a particle is unobservably small.
Thus, G-invariance of the fundamental forces is entirely consistent with the limitation to K-invariance of physically observed masses of elementary particles. In principle these would be affected by the random motions of galaxies and quasars, which currently appear to include most of the mass of the universe. However, individual such objects have a velocity dispersion typically of the order of less than 1/1000, on the basis of observational studies, relative to the inertial frame defined by them collectively. The incoherence of these multitudinous motions would be expected to average out to a highly stable K-invariant frame on an observable time scale, so that the fluctuations in the inertial masses of particles would be unobservably small (14) .
Specification of the Fundamental Fields
We assume given a realization of M as R1 x S3, denote the R1 (Einstein time) coordinate as t and the S3 (position) coordinate as V. Further, 53 will be identified with SU(2) as in ref. 3 . The decomposition of M into time and space components used here is only K-invariant, but the special transformation C:t -* t + x, V -* -V, commutes with all other elements of G. The currently fundamental fields will be invariant under~4, or equivalently, of period 4ir in t. This means that they may be regarded as defined on the compact manifold M in which t has been replaced by eit/2. G continues to act on M, but its action is no different from that of its quotient group G = SU(2, 2), which is the largest quotient group having a faithful finite-dimensional representation.
The complex spannor field is the field in M that transforms as follows. It suffices to give the action on the spin space at any specified point of the subgroup ofG that leaves fixed the point. If the point is taken as that at t = 0, V = -I, which is the antipode in space of the observational position if this is taken as t = 0, V = I, then the connected component of the subgroup is the scaling-extended physical Poincard group P. On the element g of P having the homogeneous Lorentz component L in GL+(2, C) and F in the translation group on MO, where we use the notation of ref. 1 and F is a 2 x 2 hermitian matrix, the action R(g) is the direct sum of the "front" and "back" half-spannor actions R+, where
where FP = tr F -F-i.e., the transform of F regarded as a point of MO under space inversion.
In this form it is immediately visible that the spannor fields are an "expansion" of the spinor fields, in the sense that they converge to the spinor fields under the "contraction" R -> oo. For, on taking laboratory units for distances, L is unchanged while F is replaced by FIR. There is a different form for the spannor fields in which the relation to conventional spinor fields is obscured but which is technically advantageous for certain purposes. The spin representation X of S0 (2, 4) and we use the Weyl forms for the yj. The real spannor fields may be defined as those that are real in this presentation or, alternatively, those having a real 8-dimensional spin space on which the representation of P is R in an equivalent real form.
The complex spannor fields admit the discrete symmetries P and T, defined as respectively linear and antilinear operations implementing the automorphisms of G corresponding to space and time inversion. They also admit an antilinear operation C that commutes with the action of G. The halfspannor fields admit T and CP but do not admit either P or C. On the real spannor fields, C is trivial, and there are real P and T representants, unique within factors of ± 1, that commute and have squares 1. The center of G is the direct product of the infinite cyclic group generated by ; and the group of order 2 generated by an element q of G that has trivial geometrical action on M but acts nontrivially on the spannors as -1. While q is fixed under automorphisms of G., is carried into t-' by time reversal and into the product tq by space inversion. ; acts as a matrix of eigenvalues ±i on the complex spannors, namely 0)5, and the real matrix o5 comnmutes with the action of G but anticommutes with time inversion and space inversion and has square -1. In the relativistic limit and usual complex formalism, it acts effectively as (-1)1I2 on particles and as _(-1)1I2 on antiparticles.
The complex plyorfield modelling the fundamental bosons is the field in M transforming dually to the local tensor product of the spannor fields with themselves. F is self-dual as a consequence of the unitarity of V2, which leaves invariant the inner product of two scalar fields in LAW and the existence of an essentially unique invariant hermitian inner product under Y. that remains nondegenerate on restriction to the real subspace. This inner product, which is of type (4, 4), and its integral over M, will be denoted by (( )), the distinction between the inner product at a point and the integral over 
Elementary Particles and Their Relativistic Limits
As a consequence of the indecomposability of the spannor and plyor fields under the action of G, which underlies the phenomenon just described, it is impossible to identify elementary particles with irreducible subspaces, apart from the very lowest subspaces. It is appropriate rather to use irreducible subquotients-i.e., the representation ofG on a quotient space of the from P/Q, where P and Q are invariant subspaces such that Q is maximal in P. These irreducible subquotients, or factors, define the elementary constituents of a given type of field. There are of course distinctions between the real and complex factors and between those for the connected group G alone and for all of Ge.
The technically simplest context, in terms of which the others may be analyzed, is that of the complex front halfspannors. The invariant subspaces of the front spannors F+ arise naturally in three different ways: (i) from the nontrivial invariant subspace of the finite-dimensional representation of P, (ii) fromn the invariant suhbspaces of the scalar representation in the tensor product formulation, and (iii) from the Jordan form of the quadratic Casimir action. Regarding i, the w = 5/2 subspace of the front spannors, which is G-invariant, corresponds to the invariant subspace (acted on by the lower right corner of) R+(g). Modulo this subspace, the spannor fields form a quotient representation, which is equivalent to the fields transforming according to the upper left corner of R+(g). Both the w = 5/2 subspace and the quotient space modulo it are equivalent as representations of G, and in spatio-temporal localization, to the half-spinor fields with w = 5/2 and 3/2. It should be noted however that there is no G-invariantly defined w = 3/2 subspace of the half-spannors and that the concept of weight depends on the spatio-temporal localization. Indeed, the half-spinor fields with w = 5/2 and 3/2 have exactly the same G-invariant factors from a purely group-theoretic standpoint. Maximal chains of invariant subspaces for the half-spinors with given w were determined in ref. 6 and will have the same factors as any other maximal chain, by the Jordan-Holder theorem.
The distinction between the two pairs of neutrino quotient spaces that emerge as factors, which here appears as one between different conformal weights only, is more graphic in terms of ii, as are the structures of the other factors. The complex scalar representation V2 of G maps 4 into 1 and splits as the direct sum of the subspaces of positive, negative, and mixed frequencies. The tensor products with E of the positive and negative frequency subspaces are equivalent via complex conjugation, and each contributes three factors, all of which are unitarizable with positive or negative frequency. There is a neutrino factor that occurs in the middle, while the top and bottom factors are equivalent and massive. The tensor product with the mixed frequency scalar subspace contributes four factors, of which the top and bottom are equivalent and tachyonic. There are in addition two middle factors that are exchanged by time reversal and are group-theoretically identical to the other neutrinos (i.e., as representations of G).
Since t does not leave MO invariant, F as a whole cannot be directly represented on MO without some loss of information. However, each individual factor can be interpreted as a field on MO, since it will carry t into a scalar and since the spatio-temporal localization is essentially retained. Moreover, spannor component functions may be taken to be square-integrable on M with respect to the K-invariant measure and then become square-integrable over Mo with respect to the usual Lorentz-invariant measure, with appropriate local transformation as in refs. 5 and 6. Thereby, classes of spannor fields on which t acts as a scalar can be represented by functions on conventional momentum space with values in Y. and transforming under space-time translation in Mo only by the application of an energy/momentum-dependent matrix. Only two classes are involved, and the value of t can be correlated simply with charge, except in the case of neutrinos. But although Fourier analysis can be effectively applied to spannor fields in this way, they remain indecomposable on restriction from G to P. to an extent that is O(R-').
The neutrino pair of factors associated with one-sided frequencies is represented in this analysis by square-integrable vector-valued functions over the interiors of the positive and negative frequency cones in momentum space, modulo an invariant subspace of such functions. The other neutrino pair is similarly represented by functions on the mixed-frequency submanifold of momentum space, a striking difference. The neutrino equivalence classes-i.e., after formation of the quotient structure modulo the indicated subspace-may as conventionally be represented by functions on the surfaces of the positive and negative frequency cones. The corresponding wave functions on Mo satisfy the Weyl equation
and are not at all square-integrable.
Regarding iii, the quadratic Casimir C of G acts on the spannor fields as a differential operator that appears prima facie of second order but which may in fact be taken of first order. With the sign of C chosen so that it is positive definite The plyor family with the largest number of stable elementary constituents is that spanned by the w = 1 subspace of the products of two of the cos, together with the w = 1 subspace of the products of four, which is the image of the former under c5. Each of these subspaces transforms under G as a real vector (or differential 1-form). There is a unique lowest stable subquotient, corresponding to the solutions of Maxwell's equations. The action of c5 in going effectively from a sum to a difference of particle and antiparticle wave functions here leads to a clarification of the conventional representation of the photon as its own antiparticle. More naturally, the left and right photons represent each other's antiparticles. In addition to the photon subquotient, there are two others above it that are stable and unitarizable.
These are massive, § unlike the photon are invariant under space inversion,$ and are naturally identifiable with the W and Z. Their interaction with neutrinos is nonvanishing, unlike the interaction of photons with neutrinos. The latter interaction vanishes identically, irrespective of any charge that may be formally ascribed to the neutrino, in the sense that the integral over M of the conventional minimal coupling Lagrangian between a photon field and a w = 3/2 spinor field vanishes identically when a neutrino wave function is substituted for the spinor field."I In invariance and linearity features the present interaction between the w = 3/2 neutrinos and the putative W and Z is similar to that in standard electroweak theory (19) (20) (21) except that Higgs bosons are absent.
Gauge Invariance and Global Conservation Laws
The 0(2) gauge invariance of the real spannor-plyor interaction is equivalent to the restriction of a U(1) complex spannor-plyor gauge invariance, under the transformations
where a is a given smooth real function on M; the F-are certain matrix-valued functions on M that are independent of a, if, and A; and Xj is the analog on M to the a/dxj in MO (3) .
Gauge transformation is Ge-covariant and leaves invariant the total Lagrangian Lf(qi) + Lb(A) + Li(qf, A), where Lf(qf) = ((S(C)i, fb)), Lb(A) has a similar expression in §There are no infrared singularities in the present fields in M, and all stable elementary particles have positive bare mass, where this is defined as the minimal Einstein energy in all frames, obtained by transformations in G as well as in P. There is nevertheless a clear distinction between the representations corresponding to particles that are conventionally regarded as "massless" and "massive." For example, the former are "small" and the latter are "regular size" representations as measured by their Gelfand-Kirillov dimensions. The bare masses for the present assignments for the gauge bosons are 3 and 4, only slightly greater than that of the photon, but they are nonetheless massive in the indicated sense, as are the present electron and exon. IInvariance under space inversion for the particle represented by the unitary representation U of G means that there exists a fixed linear transformation P such that U(g'r) = PU(g)P-' for all elements g of G, where g' denotes the transform of g under space inversion. Under the automorphism irofG the two SU(2) factors of K = R1 x SU(2) x SU(2) are interchanged, and such invariance holds for a positive-energy factor if and only if the lowest representation ofK that occurs involves the same representations of the two SU(2) factors. These representations are different for the G-irreducible components of the photon but the same for those of the gauge bosons. On restriction to the Poincard group such distinctions are lost, exemplifying the important fact that the conventional relativistic classification does not determine the G-invariant interactions; a spin 0 particle may interact as a vector, etc., inasmuch as the implementation of a unitary equivalence may be nonlocal.
IA physical argument to show that a massless particle has nonvanishing charge has been given by Lee and Nauenberg (18 (1987) 323 terms of the plyor inner product, which involves in addition to the spannor inner product an invariant intertwining operator from the plyor field to its dual, and Li(i, A) is the present interaction Lagrangian.
In the full relativistic limit (both on the geometry and on field transformation laws), global gauge transformations (a = constant) become phase transformations leaving invariant the spannor w = 3/2 and 5/2 subspaces. This implies at least approximate conservation of baryon and lepton numbers, with the interpretation of the w = 3/2 and 5/2 subspaces given earlier. In the relativistic limit the electron-photon interaction is separable from other terms in the interaction Lagrangian, and conventional quantum electrodynamics implicative of charge conservation is effectively obtained.** The variant-of the theory in which only plyors represented by products of even numbers of the w are included is also G' and gauge invariant and does not clearly exclude any observed types of fields.
Discussion
The present theory appears as an effective synthesis of classic physical ideas with appropriate mathematical technology formulating general concepts of causality, symmetry, and stability. Mach's principle regarding the origin of inertial mass, Minkowski's suggestion that conventional symmetry groups may need replacement by more natural ones of which they are limiting forms as a fundamental parameter approaches an extreme value, the Einstein equivalence principle as infinitesimal conformal invariance, and Majorana's indication that real spinorial fields may be physically more fundamental than the conventional complex ones are among many physical ideas incorporated in the theory in a specific and coherent way. The theory also emerges in part from the chronometric cosmology. Just as this explains the nonconservation of energy represented by the cosmic redshift, and as neutrinos were adduced for another instance of nonconservation of energy, so here we have been led to the formulation of the fundamental fermions as fields on chronometric space-time that transform according to a representation that simply describes the imbedding of the causal group of MO into that of M-which happens to be the simplest indecomposable representation of the Poincard group-to explain nonconservation of parity.
The number of free parameters is greatly reduced relative to conventional theory, as a consequence of the enhanced invariance of the present theory, to the point where it is highly vulnerable to empirical confrontation, with which it nevertheless appears quite consistent. While it does not directly determine the gravitational masses of physical particles, it **The Dirac equation for massive fermions has here only a quasiphenomenological status, necessarily so since it is not conformally invariant. It expresses simply the sharpness of the mass of the spannor particle, in the relativistic limit: the relativistic mass operator p -P2 _ P2 -P3 operates on spannor fields essentially as the Dirac operator, apart from terms of order R-1.
does connect them with basic features of the background universe, such as the average mass density, and the spectrum of the cosmic background radiation. It does determine fundamental bare coupling constants apart from overall scale. Naturally the application to physical particles depends on analysis of quantized fields, which has never been easy or entirely clearcut, and is here rendered more difficult by the intervention of indecomposability, but simplified by the removal of infrared singularities and of divergences in the first order of perturbation theories for conformally invariant Lagrangians (22) . Space limitations make it impossible to discuss here a variety of specific issues such as CP violation, strangeness, and confinement that are raised by the present analysis. As an illustrative specific application, however, we note that the representation here of neutrinos as massless factors between massive ones suggests that they can exist only in association with massive particles, unlike photons, which are represented by an invariant subspace. This in turn suggests that the solar neutrino deficiency may well persist in the gallium experiment and that apparent neutrino mass may be sensitive to the massive environment.
